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Abstract 

Given a connected smooth projective surface X over C, together with a simple normal 
crossings divisor D on it, we study finite normal covers Y — ► X that are unramified out- 
side D. Given moreover a fibration of X onto a curve C, we prove that the 'height' of Y 
over C is bounded linearly in terms of the degree of Y — » X. We indicate how an arithmetic 
analogue of this result, if true, can be auxiliary in proving the existence of a polynomial 
time algorithm that computes the raod-£ Galois representations associated to a given smooth 
projective geometrically connected surface over Q. A precise conjecture is formulated. 
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In this paper, we suppose given the following data: 

• a connected smooth projective surface X over C; 

• a simple normal crossings divisor D on X (i.e., all components of D are smooth, and they 
intersect transversally); 

• a connected smooth projective curve C over C; 

• a flat morphism h: X — > C. 

We emphasise that we do not require the fibres of h to be connected. We denote by U the 
complement of D in X. We are interested in not necessarily connected finite etale covers V — > U; 
these are considered to be the 'variable' in our set-up. Given a finite etale cover V — > U denote 
by 7r : Y — ► X the normalisation of X in the product of the function fields of the connected 
components of V. By 'finiteness of integral closure', the map tx is finite. As the topological 
fundamental group of U is finitely generated (cf. [HH Expose II, Theoreme 2.3.1]), there are 
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only finitely many V — > U of a given degree. In particular, for fixed degree, the height over C 
of the associated covers F — > X is bounded. Our aim is to prove an effective version of this 
result. Let p : Y' — » F be a minimal resolution of singularities of F, and denote by / : F' — ► C 
the composed morphism /i7rp. Note that Y' and F are projective and flat over C (C being a 
Dedekind scheme). 

1.1 Theorem. Let h: X — > C and U C X be given as above. Then there is an integer c such 
that for all finite Stale tx: V — > U we have, in the notation as above: 

| deg det R'/*Oy | < c- deg(7r) . 

Here det R"/*Oy stands for the determinant of cohomology of Oy, cf. 0. This is an invertible 
sheaf on C with ci(det R'/*Oy) = ci(R°/*Oy/) — ci(R 1 /*Oy/) in the Chow ring of C. Ac- 
cording to [16, Theorem 3.6(v)] the degree deg det R'/*Oy is non-negative if the fibres of / are 
connected and the arithmetic genus of the fibres of / is positive. 

Our proof uses the Grothendieck-Riemann-Roch theorem, intersection theory on the normal 
surface F and precise information about the minimal resolution of singularities of F. In the last 
section we state an arithmetic analogue of our result as a conjecture, motivated by a possible 
application to the complexity of counting points on reductions over finite fields of a fixed surface 
over Q. 

In a previous version of this text, our bound in Theorem ll.ll was quadratic in deg(7r) . Helene 
Esnault and Eckart Viehweg showed us how to deduce a linear upper bound, with a precise 
constant, from Arakelov's inequality. This result is now included as Theorem 14. 11 A closer 
inspection of our proof of Theorem [TTT] also gave a linear bound. 

A good reason to include several proofs of the main result of this article is that this may help 
to find a proof that can be made to work in the arithmetic context. Since more than 25 years 
now, it has been tried to prove an arithmetic analogue of Arakelov's inequality, without success 
so far. Such an analogue would have led to an effective version of Faltings's theorem (previously 
Mordell's conjecture). The same observations apply to the Bogomolov-Miyaoka-Yau inequality. 
On the other hand, we do believe that our conjectural analogue (Conjecture 15 .11) of Theorem ll.il 
is not too hard to prove. 
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2 Preliminaries 

Let ix : V — ► U be as in the statement of Theorem ll.il and let V = \J i Vi be the decomposition 
of V into connected components. Then also Y = JJ^, and Y' = LL i 7 /. Let f { := f\ Y >. It 
follows that deg det Kf^Oy = J2i ^eg det R'/j^Oy. Hence, in order to prove Theorem 11.11 
we can and do assume that V is connected. 

Denote by d the degree of V — > U. According to lfT5l Lemma 2] the map n : Y — > X is finite 
locally free of rank d. We write D smg for the singular locus of D. 

2.1 Lemma. The singularities of Y occur in the inverse image under n of D smg . Furthermore, 
the map 7T -1 (Z? - £> sing ) -> D - D s[ng is Stale. 

Proof. We base our argument on a consideration of fundamental groups, as in [1, pp. 102-103]. 
Let x be a closed point of X lying on D but not on D smg . Locally for the analytic topology we 
identify a neighbourhood W of x in X with the bi-disk Z = {(zi, z%) E C 2 : \z\\ < 1, \z%\ < 1}, 
identifying x with the origin and D locally with the zero set of Z\. Let y be a point of Y 
mapping to x and consider the connected component B of n^ 1 W that contains y. We have 
then that B — ix~ l (D) — > W — D is a connected finite degree topological covering. Thus 
T = 7T*(7Ti(-B — 7T _1 (D))) is a subgroup of finite index of iii(W — D). The latter is infinite 
cyclic; let e be the index of the subgroup T. As the map W — > W given by (z±, z 2 ) >— > (zf, z 2 ) is 
a connected cover of W , homeomorphic abo ve W — D to the covering B — n~ l (D) ^ W—D,we 
have by a theorem of Grauert-Remmert IfTTl Expose XII, Theoreme 5.4] that B itself is analyti- 
cally isomorphic to W and the holomorphic map B — ► W equivalent to the given map W — > W. 
We deduce that Y is regular above D - D sing and that vr" 1 (D - D 81 ^) -»D- D sin e is etale. D 

Write -D = /^ ig/ A for the decomposition of Z} into prime components, and write 
n^ 1 (D i ) = J2jeJ Dij for the decomposition into prime components of the inverse image with 
reduced structure under ir of a Di. For i E I and j e Jj denote by e^ the ramification index of 
7r along Dy (i.e., the ramification index of n at the generic point of D^-) and denote by /^ the 
degree of D^ over Dj. For each i E I we have /^, g j. e^/ij = d. If x is a closed point on X and 
y is a point of Y mapping to x we denote by d y the rank of the completed local ring Oy, y as a 
free module over O x , x - For all closed points x on X we have J^ g^ = d 

A point on a complex surface is said to have type A rhq if the complete local ring at that point 
is isomorphic as a C-algebra to the complete local ring at the image of (0, 0) of the quotient of C 2 



under the action (wi, w 2 ) >— > (( n Wi, Cn^), where n and q are integers with n > 0, gcd(n, q) = 1 
and where £ n = exp(27rz/n). For n > 1 this type is known as the cyclic quotient singularity of 
type A ntq . For n — 1 such a point is nonsingular; this case is included for notational convenience. 

2.2 Lemma. Let y be a point of Y mapping to D smg , say ir(y) = x G D L n A' . 

(i) There are unique j G Jj and / G Jj' such maty G Aj H Ay- 

(li) Let 6ij be the ramification index of it along D^, and let e^f be the ramification index of V 

along Di'ji. Then there are positive integers n, mi, m 2 depending on y such that the following 

holds: eij = nmi, eyy = nm%, the rank d y ofOy, y over Ox, x equals nm 1 m 2 . Ify is a singular 

point of Y then y is a cyclic quotient singularity of type A n ^ q for some positive integer q with 

gcd(n, q) = 1. 

Proof. As in the previous lemma we base our argument on a consideration of fundamental 
groups, following [1, pp. 102-103]. We identify a local neighbourhood W of x with the bi-disk 
Z = {(z\, z 2 ) G C 2 : \zi\ < l,\z 2 \ < 1}, letting A correspond to the zero set of Z\ and A' to 
the zero set of z 2 - Let Z* = Z — {z\z 2 = 0} and W* the corresponding open subset of W. If 
ji G 7ii(Z*) is the class of a positively oriented little loop around the ^-axis then 7Ti(Z*) = ZxZ 
with generators 7! = (1,0) and j 2 = (0, 1). Let B be the connected component of ix~ x W that 
contains y. Put B* = B — ir^ 1 D. We have then that B* — > W* is a connected finite degree 
topological covering. Let T = n*(ni(B*)) be the image of the topological fundamental group 
of B* in tti(W*) = Z x Z. Then T is of finite index in tii(W*). We pick generators of T as 
follows: r fl (Z x 0) is non-trivial, so there is a unique n' > such that (n', 0) generates this 
intersection. As the quotient T/Z(n', 0) is isomorphic to Z there is a unique (</, m 2 ) G Y with 
< </ < n' and m 2 > such that (n',0) and (q',m 2 ) generate T. Let mi = gcd(n', g') and 
write n' = rrniy, q' = qrri\. Thus T = Z(nmi,0) + Z(qm 1 ,m 2 ) which is of index nm 1 m 2 in 
Z x Z. Let r 7 = Z(nmi, 0) + Z(0, nm 2 ) C T. Then r" is the largest subgroup of T of the form 
Z(*, 0) + Z(0, *), and the quotient T/V C m{Ljnm{L x m 2 Z/nm 2 Z is cyclic of order n and 
projects isomorphically to both factors. Let W™ — >■ M^* be a universal cover. Then B* = W* /T. 
Now W^/F -» W* is isomorphic to the cover Z* -» Z*, given by (^i,^ 2 ) ^ (2™ mi ,^ 2 m2 ). 
Via normalisation this induces the ramified cover Z —* Z, given by the same formula. The 
group r/r" acts on Z, with quotient A this action is free outside (0, 0). Hence y is a singular 
point of Y if and only if n > 1. We conclude that e^ = nm\ and e^/ = nm 2 and we have 
natural inclusions of C-algebras C[[,2i,,2 2 ]] = Ox.x ^~* Oy, y = Cf^ mi , z 2 m2 ]] r / r ', where 
the generator given by (gmi, m 2 ) acts as 2 ; 1 /nmi h^ (^z 1 mi , z 2 m2 *-^ ( n z 2 ' nm2 . This realises 
Oy, v as a direct summand of the free Ox.a-module C[[z x , z 2 m2 ]] . Statement (i) follows. We 
see that Oy, v is free of rank nni\vn 2 as Ox,x-module whereas C^i" 11 , z 2 nm2 ]] is finite free of 



rank n 2 mim2 as Ox,x-module. We get d y = nmim 2 , and if n > 1, the singularity y is a cyclic 
quotient singularity of type A n A . The lemma is proved. □ 

Let p\Y' — > Y be a minimal resolution of singularities of Y and denote by E\ , . . . , E s the 
exceptional components of Y' — > Y. Let K Y be the Weil divisor obtained by taking the closure 
in Y of a canonical divisor on the non-singular locus of Y . Since Y has only cyclic quotient 
singularities each Weil divisor on Y is Q-Cartier, i.e., has the property that a certain integer 
multiple of it is a Carrier divisor on Y. Let p*K Y be the pull-back of the Q-Cartier divisor K Y . 
On Y' — U{Ei, p*K Y is a canonical divisor. Hence for a canonical divisor K Y > of Y' there is a 
linear equivalence of Q-Cartier divisors: 



K Y ' = p*K Y + J2 a i E i' 



i=i 



where the Oj are rational numbers. Such aj are unique, because any rational function on Y' whose 
divisor is a linear combination of the Ei is a rational function on Y that is regular outside the 
singular locus, and hence constant. 

We have the following local statement. Let y in Y be a singular point, hence a cyclic quotient 
singularity, say of type A nA . Then for any Weil divisor W on Y, n-W is Carrier at y (see (H 
Prop. 5.15] and its proof). The minimal resolution of y is described in [QQ, pp. 100-101]. We have 
n > 1, and we can and do assume that q < n. Write: 

TX i 

- = h - — = [6i, . . . , b x ] 

with hi E Z >0 for the Hirzebruch-Jung continued fraction of n/q. Then the reduced exceptional 
locus p~ 1 (y) is a chain of A P x 's with self-intersections — 6 1? — b 2 , . . . , — b\. We will need some 
estimates related to this resolution of singularities. 

2.3 Lemma. Let y be a singular point of Y of type A n>q , Assume that Ei, . . . , E x are the Ei 
above y, numbered as they appear in the chain. For i in {1, . . . , A}, let bi = —(Ei, Ei). Then 
2 < hi < n for each i = 1, . . . , A. The number A of components is bounded by n as well. 
The di are determined by the recursion bidi — Oi_i — Oj+i = 2 — bi with boundary conditions 
a = = a A+ i. We have Oj G (—1,0] fori = 1, . . . , A and the rational number J2 i=1 Oj(foj — 2) 
is bounded from above by 2 and from below by —n. 

Proof. That bi > 2 is clear from the way the bi are defined. Spelling out the definition, 
the integers bi are determined by the following recursion (variant of the Euclidean algorithm) 



for integers q: a = b i+2 c i+1 - c i+2 , < c i+2 < c i+1 for i = -1,...,A - 2 with ini- 
tial conditions c_i := n, c := q. It follows that bi < Cj_ 2 < c_i = n. Further we have 
n = c_i > Co > c\ > . . . > c\ = so that the number A is bounded from above by n. 

By the adjunction formula we have (Ky + Ei, Ei) = —2 for all i so we see that the Oj form 
the unique solution to the recursion fejOi — Oj_i — a i+ i — 2 — bi for i — 1, . . . , A with boundary 
conditions a = = Oa+i- 

Suppose that there is an i in {1, ... , A} with a; L > 0. Let j with 1 < j < A be an index with 
Oj = maxj Oj. We find: 

_ Oj-i + Oj+i 2-bj _ 2aj Oj_i - Oj + a i+ i -Oj 2 - bj a j-i ~ a j . a j+i ~ % 

u 3 u 3 u 3 u 3 u 3 u 3 u 3 

whence Oj_i = aj = o J+ i and 6j = 2. Hence the maximum of the Oj is also attained at j — 1 
and j ' + 1. Continuing with the same reasoning we find that all 6« = 2 and all o« = 0. Hence all 
<H < 0. 

Let j with 1 < j < A be an index with a^ = minj Oj. Our recursion can be written as 
(bi — 2)(oj + 1) = (oj_i — aj) + (oj+i — aj), so we see that if aj < — 1, then a^-i = % = Oj+i 
and Oj_i and o J+ i are also minimal and < — 1, and we get the contradiction = a < — 1. Hence 
for all 2 we have o» > — 1. 

By adding the equalities q = b i+2 c i+ i — c i+2 for i = — 1, . . . , A — 2 we find: 

A-2 A 

i=l i=l 

and hence: 

A A 

n + q+l = J2(h ~ 2 )°i-i + 2c a-i + 2c = J^( bi ~ ^^ + 2 + 2( l- 

i=l i=l 

Since q_i > 1 and 6j > 2 for i = 1, . . . , A we find ^2 i=1 (bi — 2) < n — q — I < n. 
Adding the equalities b^ai — Oj_i — Oj+i = 2 — 6j for i = 1,...,A we find that 
^ A =1 ai(bi - 2) = Xli=i(-^ + 2 ) - (oi + Oa). Since ^ =1 (-6j + 2) > -n and oi + a A < 
we find that ^=i a i{bi — 2) > —n. The upper bound Y^i=i a i{bi — 2) < 2 follows since 6, > 2 
always and a! + a A > —2. □ 

We will need to compare the topological Euler characteristics of X and Y. The following general 
lemma is useful for this. We denote by H c (— , Q) cohomology with compact supports and with 
rational coefficients on the category of para-compact Hausdorff spaces. We use the notation 
e c (— ) for the compactly supported Euler characteristic e c (— ) = X]j( — ^Y dimH*(— , Q); this is 
a well-defined integer for separated C-schemes of finite type. 



2.4 Lemma. Let M, N be separated C-schemes of finite type. 

(i) IfZ is a closed subscheme ofM, then e c (M) = e c (Z) + e c (M - Z). 

(ii) If M — > N is a finite Stale cover of degree n then e c (M) = n ■ e c (N). 

Proof. The first statement follows from the long exact sequence of compactly supported coho- 
mology: 

► W C (M - Z) ->• H*(M) -> W C (Z) -»■ H* +1 (M - Z) -»■ • • • 

As to the second statement, we may assume first of all that M and A" are connected. Second, 
we may reduce to the case that M — > A" is Galois. Indeed, let P — > A" be a Galois closure of 
M — ► iV, and denote by G the group of automorphisms of P such that iV = P/G. Let P be the 
subgroup of G such that M = P/H. If the result is true for Galois covers, we find: 

e c (A0 = ^c(P) = f|ec(M) = ^ C (M) 

and the result also follows in the general case. So let's assume that M — > A" is Galois, with group 
G. If V is a Q[G] -module of finite type, let [V] be the class of V in the Grothendieck group of 
such modules. More generally, if V is a Z-graded Q[G] -module of finite type, like H C (M ) for 
example, then we denote by [V] the class of J2i(~ ^YV l . Now remark that G acts freely on M, 
hence by the Lefschetz trace formula for compactly supported cohomology (see [4, Theorem 
3.2]) we have for all non-trivial g G G that J2i(~ l) l trace(g, H*(M)) = 0. By character theory 
it follows that [H C (M)] is a multiple of [Q[G]], the class of the regular representation of G, 
say [H C (M)] = m ■ [Q[G}\ with m e Z. Since we also have that H C (A^) = H c (Af) G we get 
e c (N) = dim Q H C (M) G = m. As e c (M) = dim Q H C (M) = m ■ #G the result follows. D 

Finally we want to work with the Grothendieck-Riemann-Roch theorem. We recall the statement 
and all notions that go into it. Let M, N be smooth quasi-projective varieties over C. One has a 
Grothendieck group K (M) for coherent sheaves on M. This group is isomorphic to its analogue 
for locally free OAf-modules of finite rank, and therefore, it has a natural ring structure. There is 
also a Chow ring CH(M), coming with a natural grading. For p : M — ► A^ a projective morphism 
one has a map p\ : K (M) — ► K (N) given by pi([.P]) = $^i(~ l) 1 ^^*^ 7 ]- Also one has a map 
p* : CH(M) — > CH(A^) given by proper push-forward of cycles. The Chern character ch gives a 
ring homomorphism ch : Kq(M)q —* CH(M)q. Each coherent sheaf T on M has a Todd class 
td(jF) in CH(M)q. The Todd class td(M) of M is by definition the Todd class of the tangent 
bundle T M of M. 

The Grothendieck-Riemann-Roch theorem reads as follows. 



2.5 Theorem. Let M, N be smooth quasi-projective varieties over C. Let p: M — ► N be a 
projective morphism and let T be a coherent sheaf on M. Then the equality: 

ch(p,^) • td(iV) = p«(ch(.F) • td(Af)) 

holds in CH(N) Q . 

We recall the formulas: 

ch(JF) = c (F) + c x {T) + \{c\(T) - 2c 2 {T)) + h.o.t. 



and: 



td(^) = 1 + l - Cl {F) + ^{e\{F) + c 2 (^)) + h.o.t. 



We have Cq(T) = rank(jF) if T is locally free. Finally C\{!F) = Ci(detJF). In particular 
Cl (detR7.0y')=ci(/iCV'). 



3 Proof of Theorem 1.1 



We recall that we assume V to be connected. We start by deriving a useful expression for 
Ci(/tOy/). We recall that the singular points of Y are cyclic quotient singularities. According to 
IU Proposition III. 3.1] such singularities are rational, i.e. we have: 

p^Oy = Y , RV*O y / =0 fori > . 

Using the Leray spectral sequence we find, writing 7f = np, that R l 7f*Oy = RV„,Oy for all i. 
As 7r is finite we obtain: 

n^Oy = n*Oy , R l 7f*Oy = fori > . 
Applying then the Leray spectral sequence to the diagram: 

i, 




C 
we obtain R l /*Oy = (R J /i*)(7f*Oy/) = (R l /t*) (7T*Oy) for all i and hence: 

/lOy = h\(n*Oy) . 

The Grothendieck-Riemann-Roch theorem then gives 

ch(/,OyO • td(C) = /i*(ch(vr,Oy) • td(X)) . 
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We recall that we write d for the degree of n. Also we recall that the sheaf ir^Oy is locally free 
of rank d. Comparing terms in degree therefore yields: 

CoiflOy,) = h(d ■ td(X) (1) + Cl (7T*0 Y )) . 

On the other hand the Grothendieck-Riemann-Roch theorem applied directly to / gives: 

ch(/,OyO ■ td(c) = Uch(o Y ,) ■ td(y')) = /*(td(y')) . 

Comparing terms in degree 1 we find: 

ci(fiO Y ,) + coU\Oy>) ■ td(C)(i) = /*(td(y') (2 )) . 
Combining with our previous expression for c (fiO Y >) we get: 

ci(/iCV0 = /*(td(y')( 2 )) -K(d- td(x) (1) + dfaOy)) ■ td(c) (1) 

hence: 

degdet R7*Oy/ = deg |^/„ (c?(Ty,) + c 2 (TyO) - h*(d • td(X) (1) + cifaOy)) ■ td(C) (1) | 

We are done once we show that the degrees of c\(T Y >), c 2 (T Y i) and of /i*(ci(7T*Oy))-td(C)(i) are 
bounded from above and below by linear polynomials in d with coefficients depending only on 
D and h. We start by considering the term involving ci(n*0 Y ). As before write D = ^2 ieI Di 
for the decomposition of D into its prime components. Define R to be the Weil divisor, sup- 
ported on n~ 1 (D), given as follows: let D^ be a component of n~ 1 (D) mapping onto Di, then 
the multiplicity of D^ in R is (e^ — 1). Put B := tt*R. Note that we have a trace pairing 
7r*Oy ®o x k*O y — > Ox- This induces a mono-morphism (det7r*Oy) 02 >— » Ox, identifying 
(det Tr^Oy) 02 with the ideal sheaf Ox (—-£>) of B, as a local computation (see e.g. Ifl4l III, §6, 
Proposition 13]) shows. We obtain ci(7r*Oy) = — \[B\ in CH(X)q so we are done for this 
term if we could show that the multiplicity of each Di in B is bounded linearly in d. But this 
multiplicity is J2~ eJ .(eij — 1)/^- with fy the degree of D^ over Di and this is bounded by d. 

Next we consider the term C2(Ty/). We recall that by a version of the Gauss-Bonnet formula 
(see e.g. DTI p. 416]) we have deg c 2 (T Y >) = e c (Y'), the topological Euler characteristic of Y' . 
For each % G / write d { := J2 j&Ji for B Y Lemma [111 the map 7r _1 (D - £> sing ) -> £> - -D 
etale so we have, invoking Lemma |Z4l 

e c (y) = e^vr- 1 ^) + e^TT- 1 !}) 



sing 



IS 



cte c (C/) + X)*e c (A - D sing ) + e c (7r- 1 I? f 
cte c (C/) + J2 d MDi - ^ sing ) + #7r- 1 Z) sl 



with D smg the singular locus of D. This shows that e c (Y) is bounded from above and below by 
linear polynomials in d with coefficients depending only on D. Now e c (Y') = e c (Y) + s, where 
s is the total number of exceptional components E\, . . . , E s of Y' — > Y. If y is a singular point 
of Y of type A n>q say and mapping to x on X then by Lemma 12.31 the number of exceptional 
components above y is bounded from above by n. By Lemma [2T2l this is again bounded from 
above by the local degree d y of y over x. Since for any x on X we have J~\ x d y = d we 
obtain that e c (F' ) is bounded from above and below by linear polynomials in d with coefficients 
depending only on D. 

Finally we consider c\(T Y i). Note that we can write deg c\(T Y i) = (Ky, Ky>), the self- 
intersection number of the divisor K Y < on Y' . We compute this self-intersection number. By ifTTl 
Theorem 4.1] the normal surface Y is an Alexander scheme, implying (cf. op. cit., Note 2.4) 
among other things that for the proper maps p : Y' — > Y and n : Y — ► X one has a projection 
formula for Weil divisors, provided that one works on Y with the intersection theory with Q- 
coefficients as in ifTOl Section lib]. Thus we compute 

{K Y >,K Y >) = (p*K Y + J2^Ei,K YI ) 

i 

= (p*K Y ,K YI )+Y / ^(bi-2) 

= (K Y ,K Y ) + Y,a t (b l -2). 
i 
But K Y = n*K x + Rso 

(K Y ,K Y ) = d-(K x ,K x )+2(7r*K Xl R) + (R,R) 
= d-(K x ,K x )+2(K x ,B) + (R,R). 

We are done once we show that J2i a i(bi — 2), (K x , B) and (R, R) are bounded from above and 
below by linear polynomials in d with coefficients depending only on D. We start with the term 
J2i a i(bi — 2). By Lemma [2731 the contribution coming from one singularity y is bounded from 
above by 2 and from below by — n with n determined as usual by the type of y. Again, since n is 
bounded by d y and ^ x d y = d for all x on X we get in total that the sum £\ a^ipi — 2) is 
bounded by at most linear polynomials in d with coefficients depending only on D. 

The intersection number (K X ,B) is bounded linearly in d by our description of B given 
earlier in this proof. 

As for (R, R), we obtain from Lemmas |2. 1 1 and [2721 that the irreducible components of the 
inverse image under n of a Di are disjoint and hence we can write: 

(R, R) = £>,■ - l) 2 (Ai, Ai) + Yl (en - l)(e iY - 1)(A„ D vr ) . 

hJ (i,i')J,j' 

ijti' 
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Now we have, for each i E I, that tt* A = V e^ A? so on the one hand for a given j : 

yUijm'K A) = / _, e ij\-LJijy Aj J = e ijo I Aj ' A, 



3 



by the disjointness of the Aj and on the other hand: 

(D ijo ,7T*Di) = (-K*D ijo ,Di) = f ijo (Di,Di 
by the projection formula. Thus: 

6 iJ0 

and hence for a given i: 



X)(e« - 1) 2 (A„ A,) = X)(e« " 1) 8 ^(A, A 



6ji 

J 3 J 

Remark that < Y^ji^j ~ l) 2 ^ 1 < ^ an d we are done for the first term £\ (e^ — l) 2 (Aj, Aj)- 
Finally we can write: 

XI ( e « ~ l )^'i' ~ ^(Aj, Ay) = Y Y Y Y^i ~ 1 )( e ^'' ~ 1 )Py, A'i')» • 

(i,i'),j,j' (i,i>) xeDillDti y^x j,j> 

But as is stated in Lemma [2T2l for each y i— > x with x e A H A' there is exactly one pair (j, j') 
such that (Aj, A'i')j/ 7^ 0- So, the summation over j and j' can be replaced by a single term 
with indices j(y) and j'(?/). We can compute (Ayfe); A'i'(»))s/ as follows. Let y4 ng be the type 
of y. By what we said before Lemma [2731 n-Aj(j/) is a Carrier divisor at i/. But then as A'i'fe) 
is smooth the intersection number (Aj(y)> A'j'(»))j/ * s J us * gi ven as V n times the valuation in 
Od^ ,, Y y of a local function defining n • Aj(») around y on Y". Since this function is a local 
coordinate around y on A'j'(j/) we find (A.j(2/), A'j'(i/))j/ t0 be equal to 1/n. By Lemma [2T2l there 
exist positive integers mi, m 2 such that e^) = nmi, eej'ty) = nm 2 , d y = nmim 2 hence 

(ey(j,) - l)(e i / i / ( j /) - 1)(AjG/), A'i'(j/))i/ < e ij(y) e i'j'(y)(Dij(y),D iir{y )) y 

= (nmi)(nm2)/n = nm\m2 = d y . 

Keeping in mind that J^ . ^ x d y = d for all x on X we find that: 

2^ Z-] Y^(V) ~ 1 )( ei 'i'(s/) ~~ 1 )(Ai( 2/ ), Di'j'(y))y 
(i,i') xeDiHDt, y^x 

i+i' 

is bounded by a linear polynomial in d with coefficients depending only on D. This finishes the 
proof. 
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4 Alternative proofs 

Helene Esnault and Eckart Viehweg have proposed another proof of (the upper bound of) The- 
orem [Tj~l based on Arakelov's inequality. In fact, their method leads to a more precise version. 



4.1 Theorem. (Esnault- Viehweg) Assumptions as in Theorem \1.1[ Assume moreover that 
h: X — > C is semi-stable (i.e., the singularities in its fibres are ordinary double points), with 
connected fibres, and that D = D hoT + h~ l Dc with D hor — > C Stale and with Dc a divisor on C. 
Letg(C) be the genus ofC, andg(F) the genus of any smooth fibre F ofh: X — ► C. LetS C C 
be the set of s e C such that the fibre X s ofh is singular. Then, for every finite Stale it: V — > U 
we have: 

deg det If UO Y , < (g(F) + ~(D ho *,F)\ ■ (g(C) + 2#D C + ~(l + #£)) • deg(Tr) . 

Proof. We may and do assume that V is connected. 

The results of the beginning of Section |2] show the following statements. The reduced fibres 
of /: Y' — ► C are normal crossings divisors on Y'. For s E C with s ^ Dc, the fibre f^ 1 s is 
semi-stable. Let Sing(/) denote the singular set of /, i.e., the set where the tangent map of / 
vanishes. Then /Sing(/) cSU D c . 

We write uj y > '■— Q Y ' an( ^ u c '■= ^c f° r me dualising sheaves of Y' and C. We define 
wy'/c '■= wy ® (f*LOcY , the relative dualising sheaf for /. We note that uoy/c coincides with 
&Y'/c on the complement of Sing(/). By [9, Theorem 5.1], we have (R 1 /*Oy) V = f*^Y>/c- On 
the other hand, /*0y/ is the O c -algebra corresponding to the Stein factorisation Y' — > C — > C 
of /. As Y' is reduced, the same is true for C, hence the trace form gives an injection of 
(det 5 )® 2 into O c , hence deg det f*0 Y , < 0. We get: 

(4.2) degdetR7*Oy/ = degciR°/*Oy - deg c x R x f*0 Y , < - deg ciR 1 f*0 Y , 
The coherent Oc-n\odu\e R^f^Oy sits in an exact sequence: 

(4.3) -► (RV*Oy0tors -» R'f.Oy -► R l UO Y , -> , 
given by its torsion submodule and its locally free quotient. This implies: 

(4.4) -deg Cl (R7»Oy') = -degc 1 (R T AO y 7)-degc 1 (R 1 /*O y 0tors < -degc 1 (R 1 /^) . 



As (R 1 /,Oy) v = (R 1 /*Oy/) v , M) and (ED) give: 
(4.5) degdet R'/*Oy/ < deg det f*ui Y i/c ■ 
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The main idea of the proof is now to use Arakelov's inequality (to be explained below), 
but for that we need a finite base change b : C — > C, with C a smooth connected projective 
complex curve, after which Y' admits a semi-stable model Y" — > C . This precisely means that 
the ramification indices of b at the s E Dc must be sufficiently divisible. We pick any s in 
C — Dq. Then 7Tl(C — ({s } U Dc)) is freely generated by the usual kind of generators Oj, hi 
with 1 < i < g(C), and 7 S for s e D c . This shows that a b: C — > C as required does exist, 
unramified outside E c '■— {s } U D c . We pick such a b. 

Let /' : Y" — ► C be obtained by pull-back via b of / : V — ► C, then normalisation, and then 
minimal resolution of singularities. Then /' is semi-stable (see lfi~3~1 . or [6l p. 83]), and we have 
a commutative diagram: 

(4.6) y»_5U-y/ 

/' 



4.7 Lemma. In this situation, there is an injection ofb*f.^coY'/c into b*Oc{E c ) ® fi^y/c- 

Proof. To start with, the projection formula gives f^ujy'/c — (f^v) ® uj c , and, similarly, 
fiu>Y"/c — (fi^Y") ® ^c'- Pull-back of 2-forms along b' gives a morphism of Oy-modules 
(b')*ujY' — »■ wy, which is generically an isomorphism. Applying fl to this morphism, and 
composing with the natural morphism b* f^ujy —* fl(b')*ujY' gives a morphism of locally free 
Oc-modules b* /*a>y — >■ ficoy which is generically an isomorphism. Pull-back of 1-forms 
via b gives a morphism of invertible Oc-modules b*uJc - > wc which is an isomorphism out- 
side b^ 1 E c . If P is in C and to is a generating 1-form at b(P), then 6*u; has a zero of order 
e(P) — 1 at P, where e(P) is the ramification index of b at P. It follows that we have an inclu- 
sion of b*Oc(—E c )®uJc> into b*u c . Dually, this gives an inclusion of b*ui c into b*Oc{Ec)®ui c ,. 
Combining all this gives: 

b*f*uJ Y >/c = b*f.wy> ® b*uj c -> fiu Y » ® &*O c (Pc) ® Wc' = &*O c (P c ) ® f'w/c ■ 



U 



We are now ready to invoke Arakelov's inequality (see lfi~3l p. 58]): 

(4.8) degdet(/>y VC7 < ^ranktf^/cO- (2(/(C") - 2 + #/'Sing/') . 
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The rank of ficoy/c equals that of f*u>Y>/c, both being the sum of the genera of the connected 
components of the geometric generic fibre of /. Combining this with our previous inequalities, 
we obtain: 

(4.9) 

degdetR//*0y/ < deg det f*u Y > /c = i — rdegdet(6*/*^y/c) < 

dego 

" dhb degdet ( 6 * 0c ^ c) ® f*<»Y»ic>) = 

= j — 7 (deg(6*Oc( J Ec))-rank/^y///c + degdet f[u Y "/c) < 

< {#E c )Tankf*WY>/c + — ^ (rank/^ y7c )-(2^(C") - 2 + #(/' Sing/')) . 

2 deg o 

Finally, we bound the quantities in the last term. Letting dj be the degrees of the connected 
components Zj of the geometric generic fibre of / over the geometric generic fibre of h, and gj 
the genera of the Zj, we have Y^ li d i = deg(7r), and Hurwitz's formula gives: 

2 9i - 2 = d l -(2g(F) - 2) + degR,, degi?, < (dj - l)(D hor , F) . 

This leads to: 

(4.10) rank/^ 7C < (s(F) + (L> hor , F)/2) deg(vr) . 

For g{C), we note that 6: C — ► C is unramified outside i? c = {s } U -D<> Hurwitz's formula 
gives: 

(4.11) -JTl&QiP) ~ 2 ) < 2 0«?) " 2 + ! + * D c ■ 

dego 

At the beginning of the proof we noticed that /Sing/ is contained in SUDc- Therefore, /'Sing/' 
is contained in b^ 1 (S U -De)- So: 

(4.12) J_ # (/'Sing/') < #S + #D C . 

dego 

Combining (I4~9l)- (I4.12I) we get: 

(4.13) 

degdetR7*0y, < (g(F) + ~(D hot ,F)\ ■ (g(C) + 2#D C + 1(1 + #£)) • deg(vr) . 
This ends our proof of Theorem l4.ll D 

We remark that instead of invoking Arakelov's inequality it is also possible, again at least for 
the upper bound implied by Theorem 11.11 to invoke the Bogomolov-Miyaoka-Yau inequality. 
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Indeed, our work done at the beginning of Section [3] showed that Theorem II .11 can be reduced 
to providing linear bounds in deg(7r) for the degrees of each of the three terms c\(T Y '), c 2 (T Y ') 
and fo*(ci(7r*Oy)) ■ td(C)(i). The latter two were relatively easily to deal with, whereas the 
term c\{Ty>) required significantly more work. Now instead of calculating the c\ directly, one 
can also remark that there exist a priori inequalities relating the c 2 and the c\. Table 10 in 
Chapter VI of [1] first of all shows that for smooth compact connected complex surfaces which 
are not of general type c\ is bounded absolutely from above by 9. The Bogomolov-Miyaoka- 
Yau inequality [1 , Theorem VII.4.1] says that for a smooth compact connected complex surface 
which is of general type the inequality c\ < 3c 2 holds. Invoking these results one obtains yet 
another proof of Theorem 11.11 

5 An arithmetic analogue 

In an algorithm is given that computes the GL 2 (F A ) Galois representations associated to a 
given normalised Hecke eigenform / of level 1, in time polynomial in #(Fa), if one admits 
the Generalised Riemann Hypothesis for number fields. Here A runs through the finite degree 1 
places of the field of coefficients of the form. By a famous argument due to R. Schoof, this 
leads to an algorithm that on input a prime number p computes the p-th coefficient of the Fourier 
development of /, in time polynomial in log p. As a consequence, the number of vectors with half 
length- squared equal to p in a fixed even unimodular lattice can be computed in time polynomial 
in log p. 

Generalisations of the above results seem possible in various different directions. For exam- 
ple, one could look at the case of mod-i' Galois representations occurring in the etale cohomology 
of a given smooth, projective and geometrically connected surface S over Q. Letting £ be a prime 
number, one has the cohomology groups H l (SW et ,F^) for < i < 4, being finite dimensional 
F^-vector spaces with Gal(Q/Q) -action. It seems reasonable to suspect that, again, there is an 
algorithm that on input a prime £ computes these cohomology groups, with their Gal(Q/Q)- 
action, in time polynomial in L Once such an algorithm is known, one also has an algorithm 
that, on input a prime p of good reduction of S, gives the number of points #S(W p ) of S over F p 
in time polynomial in log p. This result would be of interest because the known p-adic algorithms 
for finding such numbers have running time exponential in log p. 

The idea in [5J to compute mod-£ etale cohomology is to trivialise the sheaves involved, 
using suitable covers of (modular) curves, and to reduce to computing in the ^-torsion of their 
Jacobians. In our case, using a Lefschetz fibration, one can first reduce to computing cohomology 
groups H 1 (f%, T\) where U is a non-empty open subscheme of Pk determined by S and the 
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chosen Lefschetz fibration and where Ti are certain etale locally constant sheaves of F^-vector 
spaces of fixed dimension, say r. For each I let Vg := Isome r (F^ T\). Then each cover Vg — ► U is 
finite Galois with group G = GL r (F£), and the group H 1 ([/q, JF;) can be related to H 1 (V f q, F£) 
which sits in the ^-torsion of the Jacobian of the smooth projective model V% of Vg. It is our 
hope that methods as in [[51 can show that we have a polynomial algorithm for computing these 
cohomology groups once we have a bound for the Faltings height of Vg that is polynomial in I. 

A recent result of Bilu and Strambi [2, Theorem 1.2] suggests at least the existence of an 
exponential bound: it implies that if Yq — > Pi is any connected degree d > 2 cover, unramified 
outside a finite subset B of Pi, then Yq has a plane model given by an equation F(u, v) with 
coefficients in Q such that deg M F = d, deg„ F < d- (#5/2), and such that the affine logarithmic 
height of F is bounded from above by: 

(h + l)(d 3 -#B) 5d *-# B+l2d . 

Here h is the maximum of the logarithmic projective heights of the elements of B. 

Note, however, that in our situation we can take more restrictive assumptions than in the result 
of Bilu and Strambi. For one thing, our covers V? — > U are defined over Q. For another, our 
covers Vi —> U have the property that there is a nonempty open sub scheme U' of P^ containing 
U such that each Vg extends to a finite etale cover of U'%\\/e\- We would like therefore to propose 
the following arithmetic analogue of the main theorem of this note. 

5.1 Conjecture. Let U C P^ be a nonempty open subscheme. Then there are integers a and b 
with the following property. For any prime number I, and for any connected finite etale cover 
7r: V — > Uz\i/g\, the absolute value of the Faltings height of the normalisation of Pq in the 
function field ofV is bounded by deg(%) a -£ b . 

As an example, let us mention that for the family of modular curves X\(J), all covers of the 
j-line, where one can take U = F% — {0, 1728, oo}, it is proved in [5] that the Faltings height is 
bounded above as 0(£ 2 logi). It is tempting to interpret £ 2 (up to a constant factor) as the degree 
of Xi(£) over the j-line, and the factor logi as coming from the ramification at L As in our 
application the degree of ix itself depends polynomially on £, it is irrelevant for this application if 
the bound in the conjecture is deg(7r) a -^ 6 or deg(7r) a -(log£) b . Of course, one may also ask about 
the conjecture with this stronger bound. 
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